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Large-scale flow generation by inhomogeneous helicity
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The effect of kinetic helicity (velocity–vorticity correlation) on turbulent momentum transport is investigated.
The turbulent kinetic helicity (pseudoscalar) enters the Reynolds stress (mirror-symmetric tensor) expression in
the form of a helicity gradient as the coupling coefficient for the mean vorticity and/or the angular velocity (axial
vector), which suggests the possibility of mean-flow generation in the presence of inhomogeneous helicity. This
inhomogeneous helicity effect, which was previously confirmed at the level of a turbulence- or closure-model
simulation, is examined with the aid of direct numerical simulations of rotating turbulence with nonuniform
helicity sustained by an external forcing. The numerical simulations show that the spatial distribution of the
Reynolds stress is in agreement with the helicity-related term coupled with the angular velocity, and that a
large-scale flow is generated in the direction of angular velocity. Such a large-scale flow is not induced in the
case of homogeneous turbulent helicity. This result confirms the validity of the inhomogeneous helicity effect
in large-scale flow generation and suggests that a vortex dynamo is possible even in incompressible turbulence
where there is no baroclinicity effect.
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I. INTRODUCTION

Vortical structures are ubiquitously observed in hydrody-
namic and magnetohydrodynamic phenomena. The genesis
of cyclones (typhoon, hurricane, tornado, etc.) is one of the
open problems in atmospheric science. Small-scale vortical
structures in turbulence are considered to be the cause of
large-scale magnetic fields in geo- and astrophysical objects
[1,2]. Recently the importance of the large-scale vortical
motions in the dynamo process has been discussed [3]. It was
also pointed out that a swirling structure may play an important
role in channeling energy from the lower photosphere into the
upper solar atmosphere [4]. To understand these processes
better, the large-scale vorticity generation mechanisms in
turbulence should be studied from various viewpoints.

Turbulent kinetic helicity resulting from velocity-vorticity
fluctuation correlation represents the topological or structural
properties of turbulence. It has been noted that in the presence
of helicity, a suppression of turbulent energy transfer may
occur due to the topological constraint related to the possible
conservation of kinetic helicity [5]. In the context of local
turbulent transport, helicity is expected to play some role in
momentum-transport suppression [6]. This is in contrast to the
turbulent or eddy viscosity, which is expressed in terms of
the turbulent energy (intensity information of turbulence), and
represents an enhanced transport due to turbulence.

In homogeneous isotropic turbulence studies, helicity has
been discussed in the context of a relation to the inverse
energy cascade from larger to smaller wave numbers, or
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reduction of the turbulent energy cascade [7,8]. Using a
numerical simulation of a variant of the Eddy-Damped
Quasi-Normalized Markovian (EDQNM) approximation clo-
sure equations, André and Lesieur [9] showed that helicity
influences the energy transfer rate of turbulent energy towards
small scales. Their results showed that helicity suppresses
the energy transfer to the small scales in the early stage of
evolution, but once the inertial range has been established,
such suppression effects disappear. As for the recent studies on
the inverse energy cascade and helicity in three-dimensional
rotating and stratified turbulence, see a series of papers by
Pouquet et al. [10–12].

The relationship between the helicity density and the
dissipation rate has been investigated in several homogeneous
and pipe flow geometries. Using direct numerical simulations
(DNSs) of the Navier-Stokes equation in channel and Taylor-
Green vortex flows, Pelz et al. [13] examined the local helicity
density 〈u · ω〉 [u: velocity, ω(=∇ × u): vorticity]. They found
that the alignment between the velocity and vorticity is stronger
in the region where the dissipation rate is smaller.

However, detailed numerical results in several homoge-
neous flows and fully developed turbulent channel flow by
Rogers and Moin [14] showed no correlation between the
relative helicity density 〈u · ω〉/(|u||ω|) and the dissipation of
turbulent energy. Wallace et al. [15] performed an elaborate
experimental study of the helicity density in a turbulent
boundary-layer, a two-stream mixing-layer, and grid-flow
turbulence. They found that there is a tendency for the
instantaneous velocity and vorticity to align in the shear flows
but concluded that there is little relationship between the small
instantaneous dissipation and large helicity density except in
the shear flows. Their results support the numerical results
obtained by Rogers and Moin.
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In general, the second-order correlation tensor of the veloc-
ity for homogeneous and isotropic but nonmirror-symmetric
turbulence is expressed in terms of the energy (pure scalar) and
helicity (pseudoscalar) profiles. Note that the helicity-related
part never appears in the mirror-symmetric case. It has been
argued from the symmetry of the Reynolds-stress tensor that
helicity itself cannot contribute to the Reynolds stress [16]. It
has also been pointed out that the presence of turbulent helicity
density alone is insufficient, and some other factors breaking
the symmetry, such as the compressibility [17–20], anisotropy
[21], mean flow, etc., are indispensable for the large-scale
vortical flow generation. In this context, it is important to note
that Gvaramadze et al. [22] showed that even in incompressible
turbulence, turbulent helicity may contribute to the generation
of large-scale vortices through the coupling with the mean
flow. Also Chkhetiany et al. [23] showed possibility of a
spontaneous generation of vortical structures in homogeneous
turbulent shear with helicity.

Assuming the general form of the correlation functions
for homogeneous isotropic and nonmirror-symmetric tur-
bulence profiles as the basic or lowest-order field in the
framework of a closure theory for inhomogeneous turbulence,
Yokoi and Yoshizawa [6] obtained an expression for the
Reynolds stress from the fundamental fluid equations. In
this expression, the gradient of the turbulent helicity enters
the Reynolds stress as a higher-order effect representing
the mean-field inhomogeneities. In their formulation with a
derivative expansion [see Eqs. (21) and (22)] with respect
to the large-scale inhomogeneities, the gradient of helicity
appears as the coupling coefficient for the mean vorticity in
nonmirror-symmetric turbulence.

At the same time, it had been well recognized that the
usual turbulence model with the eddy-viscosity expression
for the Reynolds stress completely fails when it is applied to
a turbulent swirling flow [24]. With the usual eddy-viscosity
model, the dent or decelerated profile of the mean axial velocity
near the center axis, imposed at the inlet, cannot be sustained
and will decay rapidly and immediately to turn to the usual
flat profile of the nonswirling pipe flow. The turbulent or eddy
viscosity is too strong to produce an inhomogeneity in the
axial velocity profile. Yokoi and Yoshizawa [6] applied their
turbulence model with the helicity effect implemented into the
Reynolds stress to a turbulent swirling flow and succeeded in
reproducing the dent profile in the downstream region found
experimentally [25,26]. In this sense, the inhomogeneous
helicity effect has been confirmed at the level of turbulence
model simulations or closure calculations.

As has been referred to above, the theoretical derivation of
the Reynolds-stress expression is very general and straight-
forward. It was based not on the heuristic assumptions for
Reynolds stress modeling but on the generic expression for the
turbulence fields that are isotropic and nonmirror-symmetric
in the lowest order correlation. However, the closure scheme
itself contains several approximations [3,27]. It is necessary
to study carefully the inhomogeneous helicity effect in DNSs.
One of the most straightforward tests is to check the model
expression for the Reynolds stress and compare it to the DNS
result for the Reynolds stress. Since the transport coefficients
in turbulence models are expressed in terms of turbulent
statistical quantities such as the turbulent energy, its dissipation

rate, the turbulent helicity, etc., we have to calculate the spa-
tiotemporal evolution of the statistical quantities using DNS
data. In the present work, we perform DNSs of inhomogeneous
helical turbulence with the simplest possible flow geometry
and validate the turbulence model expression based on the
theoretical investigation.

The organization of this paper is as follows. After presenting
the fundamental equations in Sec. II, we summarize the helicity
effects in inhomogeneous turbulence with special reference to
the symmetry of Reynolds stress and its modeling in Sec. III.
In Sec. IV the setup of the numerical simulation and its
results are presented. In Sec. V the helicity effect on turbulent
momentum transport is discussed with a special reference to
the vortex dynamo. Conclusions are given in Sec. VI. Details
of the turbulence model with helicity and its application to
a turbulent swirling flow, comparison with previous notions
including the so-called � effect and the anisotropic kinetic
alpha (AKA) effect are given in the Appendices.

II. FUNDAMENTAL EQUATIONS

We consider an incompressible fluid in a rotating system.
The velocity u obeys the incompressible Navier-Stokes equa-
tion

∂u
∂t

+ (u · ∇)u = −∇p + u × 2ωF + ν∇2u + fe (1)

and the solenoidal condition

∇ · u = 0, (2)

where p is the pressure divided by fluid density with the
centrifugal force included, ν the kinematic viscosity, ωF the
angular velocity of the system, and fe the external forcing
which satisfies the solenoidal conditions.

Taking a curl operation to Eqs. (1) and (2), we have the
equations of vorticity ω(=∇ × u) as

∂ω

∂t
= ∇ × [u × (ω + 2ωF)] + ν∇2ω + ∇ × fe (3)

and

∇ · ω = 0. (4)

We divide a flow quantity f into the mean part 〈f 〉 and
fluctuation around it, f ′, as

f = F + f ′, F = 〈f 〉 (5a)

with

f = (u,p,ω), F = (U,P ,�), f ′ = (u′,p′,ω′). (5b)

Substituting Eq. (5a) into Eqs. (1)–(4), we obtain the mean-
field equations as

∂U
∂t

+ (U · ∇)U = −∇P+U × 2ωF − ∇ · R + ν∇2U, (6)
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∂�

∂t
= ∇ × [U × (� + 2ωF)] + ∇ × VM + ν∇2�, (7)

∇ · U = ∇ · � = 0, (8)

where R = {Rij } and VM are the Reynolds stress and the
turbulent vortex-motive or pondero-motive force (VMF or
PMF), which are defined by

Rij = 〈u′iu′j 〉, (9)

VM = 〈u′ × ω′〉, (10)

respectively. If we compare Eqs. (6) and (7) with Eqs. (1)
and (3), we see the Reynolds stress and the VMF are the
sole quantities that represent the effects of turbulence in the
mean-field equations. It should be noted that in this work we
adopt an external forcing that does not directly produce any
mean flow (〈fe〉 = 0).

III. HELICITY EFFECT

A. Symmetry of the Reynolds stress

As was mentioned in Sec. I, the presence of turbulent
kinetic helicity alone is not sufficient for the helicity effect
to appear in the mean momentum transport. As we will
see in Eq. (39), the inhomogeneity of the turbulent helicity
(∇H ) is a key ingredient. This point is easily understood if
we consider the symmetry properties of the Reynolds stress
tensor

Rij (x,t) = 〈u′i(x,t)u′j (x,t)〉 (11)

(u′: velocity fluctuation). Helicity is a quantity which rep-
resents the breakage of mirror- or reflectional symmetry. A
reflection with respect to a plane is equivalent to the combina-
tion of a pure (proper) rotation around the axis perpendicular
to the plane and an inversion or parity transformation. Since
proper rotations never change the mirror-symmetry-related
property of a vector, we can express the symmetry property
of reflections in terms of that of inversions. (Note that the
determinant of the transformation is always +1 for all proper
rotations, whereas the counterparts are −1 for reflections and
inversions.) The velocity is a polar vector and has odd parity
under inversion. Namely, with a reversal of the coordinate
system, xi �−→ x̃i = −xi (a tilde denotes a quantity in the
reversal frame), the velocity reverses its sign as ui(x,t) �−→
ũi(x̃,t) = −ui(x,t). As a consequence, the Reynolds stress
transforms under inversion as

Rij (x,t) �−→ R̃ij (x̃,t) = 〈ũ′i(x̃,t)ũ′j (x̃,t)〉
= 〈[−u′i(x,t)][−u′j (x,t)]〉 = 〈u′i(x,t)u′j (x,t)〉
= Rij (x,t). (12)

Namely, the Reynolds stress is symmetric with respect to the
inversion of the coordinate system and must have even parity.

The mean vorticity � (=∇ × U, U: mean velocity) is
an axial- or pseudo-vector which does not change its sign

(symmetric) under the inversion:

�i(x,t) �−→ �̃i(x̃,t) = ε̃ijk ∂Ũ k(x̃,t)

∂x̃j

= εijk ∂(−U )k(x,t)

∂(−x)j
= εijk ∂Uk(x,t)

∂xj

= �i(x,t). (13)

(Note that the alternate tensor has even parity: εijk �−→
ε̃ijk = εijk .) On the other hand, the turbulent helicity
H (=〈u′ · ∇ × u′〉) is a pseudoscalar which changes its sign
(antisymmetric) under the inversion:

H (x,t) �−→ H̃ (x̃,t) =
〈
ũ′i(x̃,t)ε̃ijk ∂ũ′k(x̃,t)

∂x̃j

〉

=
〈
−u′i(x,t)εijk ∂(−u′k)(x,t)

∂(−x)j

〉

= −
〈
u′i(x,t)εijk ∂u′k(x,t)

∂xj

〉
= −H (x,t). (14)

From Eq. (14) we infer an important point. In a mirror-
symmetric system, by definition, all the statistical quantities
are symmetric under inversion (or reflection) as

F (x,t) �−→ F̂ (x,t) = F (x,t). (15)

On the other hand, any pseudoscalar changes its sign under the
inversion (or reflection) as

F (x,t) �−→ F̂ (x,t) = −F (x,t). (16)

It follows from Eqs. (15) and (16) that any pseudoscalar
statistical quantity in a mirror-symmetric system should satisfy

F (x,t) = −F (x,t) (17)

or equivalently,

F (x,t) = 0. (18)

Hence, any pseudoscalar statistical quantities should vanish
in a mirror-symmetric system. In other words, a finite pseu-
doscalar indicates a broken mirror-symmetry in the system. In
this sense, a pseudoscalar statistical quantity can serve itself
as a measure of the breakage of mirror-symmetry. Since the
helicity

∫
V

u · ω dV , as well as the kinetic energy
∫
V

u2 dV ,
is an inviscid invariant of the hydrodynamic equation, its
local turbulent density, the turbulent helicity H ≡ 〈u′ · ω′〉
[ω′(=∇ × u′): vorticity fluctuation], is an important statistical
quantity that represents structural properties of the turbulence.

A positive (negative) sign of local helicity represents
right-handed (left-handed) “twistedness” of the turbulence.
The sign of H is directly connected to the structural properties
of turbulence. However, as explained below, H itself cannot
enter the Reynolds stress expression. We saw in Eq. (13) that
the mean vorticity or rotation vector has even parity. So the cou-
pling coefficient for the mean vorticity or rotation should have
even parity in order to attain the even parity for the Reynolds
stress [Eq. (12)]. This suggests that the turbulent helicity with
odd parity [Eq. (14)] itself cannot enter the expression for
the Reynolds stress as the coupling coefficient for the mean
vorticity or the rotation velocity. This point is reflected later
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in the generic mathematical expression of the correlation in
nonmirror-symmetric isotropic turbulence, Eq. (25).

B. Helicity effect in the Reynolds stress

Using the Two-Scale Direct-Interaction Approximation
(TSDIA), a closure theory for inhomogeneous turbulence
[27], Yokoi and Yoshizawa [6] explored the effects of helicity
in inhomogeneous turbulence. The TSDIA is a combination
of the multiple-scale analysis and the DIA, an elaborated
renormalized perturbation method in k, or wave number space,
for homogeneous turbulence at high Reynolds number.

In this analysis, we introduce two scales for space and time
variables with a scale parameter δ as

ξ = x, X = δx; τ = t, T = δt, (19)

where (ξ ,τ ) and (X,T ) are fast and slow variables, respectively.
With a small δ, the slow variables (X,T ) are suitable for
representing slow variations of fields since they vary only
when x and t vary strongly. Under Eq. (19), a field quantity is
divided into the mean F and the fluctuation f ′ as

f = F (X; T ) + f ′(ξ ,X; τ,T ), (20)

which represents the properties that the mean field slowly
changes with slow variables and fluctuation field depends on
both fast and slow variables. Also under Eq. (19), we have

∇ = ∇ξ + δ∇X,
∂

∂t
= ∂

∂τ
+ δ

∂

∂T
, (21)

where ∇ i

ξ
= (∂/∂ξ i) and ∇ i

X = (∂/∂Xi). We see from Eq. (21)

that a derivative with respect to the slow variables gives an O(δ)
contribution (derivative expansion) [28].

The turbulence correlations such as the Reynolds stress are
calculated with the aid of a perturbation expansion:

f ′(k,X; τ,T ) =
∞∑

n=0

δnf ′
n(k,X; τ,T ). (22)

The scale parameter δ is associated with the inhomogeneity of
the large-scale fields.

The O(δ0) fields correspond to those in homogeneous
turbulence. We also expand the lowest- and higher-order fields
with respect to the rotation vector ωF as

u′
0(k,X; τ,T ) = u′

B(k,X; τ,T ) +
∞∑

m=1

|ωF|mu′
0m(k,X; τ,T ),

(23)

u′
n(k,X; τ,T ) =

∞∑
m=0

|ωF|mu′
nm(k,X; τ,T ) (n � 1). (24)

The basic or lowest-order field uB corresponds to a homo-
geneous isotropic field, and the effects of inhomogeneity and
anisotropy are systematically incorporated in the higher-order
field calculations using the spectral and response functions.

As for the statistical properties of the basic fields, we
assume

〈
u′

B
α(k,X; τ,T )u′

B
β(k′,X; τ ′,T )

〉
/δ(k + k′)

= Dαβ(k)QB(k,X; τ,τ ′,T ) + i

2

ka

k2
εαβaHB(k,X; τ ′,T ),

(25)

〈Gαβ(k,X; τ,τ ′,T )〉 = Dαβ(k)G(k,X; τ,τ ′,T ), (26)

where QB and HB are the spectral density functions of the
turbulent energy and helicity, respectively:

1
2

〈
u′

B
2〉 =

∫
dkQB(k; τ,τ ), (27)

〈u′
B · ω′

B〉 =
∫

dkHB(k,τ,τ ), (28)

and Dαβ(k)(= δαβ − kαkβ/k2) is the solenoidal projection
operator. It should be noticed that QB and HB in Eq. (25)
are normalized to satisfy Eqs. (27) and (28). Equations (25)
and (26) are the most general expressions for homogeneous,
isotropic, and nonmirror-symmetric turbulence [29,30]. We
should note that these assumptions apply only to the basic
or lowest-order fields of turbulence. The turbulent fields
considered in this formulation are inhomogeneous and
anisotropic; these effects enter through the higher-order fields.

The Reynolds stress is calculated by

〈u′αu′β〉 = 〈
u′

B
αu′

B
β
〉 + 〈

u′
B

αu′
01

β
〉 + 〈

u′
01

αu′
B

β
〉 + · · ·

+ 〈
u′

B
αu′

10
β
〉 + 〈

u′
10

αu′
B

β
〉 + · · · . (29)

It was shown by the analysis up to O(δ1|ωF|1) that the Reynolds
stress is expressed as [6]

〈u′αu′β〉D = −νTSαβ + [
�α

(
�β + 2ω

β

F

)+�β
(
�α+2ωα

F

)]
D,

(30)

where D denotes the deviatoric or traceless part of tensor as
Aαβ

D = Aαβ − (1/3)Aaaδαβ , and S is the mean velocity strain
defined by

Sαβ = ∂Uα

∂xβ
+ ∂Uβ

∂xα
− 2

3
∇ · Uδαβ. (31)

In Eq. (30), the mean velocity-strain- and the mean vorticity
and angular velocity-related coefficients, νT and �, are given
by

νT = 7

15

∫
dk

∫ t

−∞
dτ1 G(k; τ,τ1)Q(k; τ,τ1), (32)

� = 1

30

∫
k−2dk

∫ t

−∞
dτ1 G(k; τ,τ1)∇H (k; τ,τ1). (33)

The first term of Eq. (30) corresponds to the usual eddy-
viscosity representation of the Reynolds stress. The second
term is the correction to the eddy-viscosity representation due
to the mean vortical or rotational motion.

Equations (32) and (33) show that we can express the
turbulent transport coefficients if we know the propagators
of turbulent field such as the spectral functions of energy and
helicity, Q(k; τ,τ ′) and H (k; τ,τ ′), and the response function
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G(k; τ,τ ′), which represent how turbulence is distributed in
scales and how much the present state is affected by the past,
respectively.

However, for practical purpose, the theoretical expressions
for the transport coefficients νT [Eq. (32)] and � [Eq. (33)] in
terms of the time and spectral integrals of the propagators are
too much complicated. We need to reduce them into a more
tractable form. In the simplest case, if the time integral of the
response function can be separated from the spectral integral
of the energy in Eq. (32), the time integral of the response
function just gives a time scale of turbulence, τ :

τ 

∫ t

−∞
dτ1 G(k; τ,τ1). (34)

Then Eq. (32) is reduced to the turbulence time scale multi-
plied by the turbulent energy K , namely, the mixing-length
expression for the turbulent viscosity:

νT ∼ τK ∼ τu2 ∼ �u. (35)

In other words, Eq. (32) is a natural generalization of the
simplest mixing-length expression for the turbulent viscosity.

C. Helicity turbulence model

The Reynolds-stress expression (30) with the spectral
expressions for the transport coefficients [Eqs. (32) and (33)]
is too heavy for practical uses in the astro- or geophysical
applications. In order to construct simple expressions for the
transport coefficients more generic than the mixing-length
one, we use one-point turbulence statistical quantities which
represent the statistical properties of turbulence. We choose
the turbulent energy K , its dissipation rate ε, and the turbulent
helicity H , defined by

K = 1

2
〈u′2〉, (36)

ε = ν

〈
∂u′a

∂xb

∂u′a

∂xb

〉
, (37)

H = 〈u′ · ω′〉. (38)

On the basis of the analytical expression Eq. (30), the Reynolds
stress is modeled as [6]

〈u′αu′β〉D = −νTSαβ + η

[
∂H

∂xα

(
�β + 2ω

β

F

)

+ ∂H

∂xβ

(
�α + 2ωα

F

)]
D

(39)

with the transport coefficients expressed in terms of the above
turbulence statistical quantities [Eqs. (36)–(38)]:

νT = CντK = Cν

K

ε
K, (40)

η = Cητ�2 = Cη

K

ε

K3

ε2
, (41)

where Cν and Cη are model constants, whose values are to be
optimized through the applications of the turbulence model to
several flows [31]. An application of the helicity model to a

turbulent swirling flow [6] suggests

Cν = 0.09, Cη = 0.003. (42)

Note that, in Eqs. (40) and (41), τ = K/ε and � = K3/2/ε are
the time and length scales of turbulence, respectively. Equation
(41) corresponds to the modeling of the mean vorticity- and
angular-velocity-related coefficient � [Eq. (33)] as

� = η∇H = Cητ�2∇H = Cη

K

ε

K3

ε2
∇H. (43)

As is seen in Eqs. (40), (41), and (43), the transport
coefficients in the Reynolds stress, νT, η, and �, are expressed
in terms of the turbulent statistical quantities, K , ε, and H . In
order to close or construct a self-consistent turbulence model,
we consider the transport equations of K , ε, and H . Details of
the present helicity model with the transport equations of K ,
ε, and H is presented in Appendix A 1.

The helicity turbulence model was applied to a turbulent
swirling pipe flow [6]. It was numerically shown that the
model successfully reproduces basic behaviors of the turbulent
swirling flow: (i) the stationary dent profile of the mean axial
velocity in the central axis region; (ii) the radial profile of
the mean circumferential velocity; (iii) the exponential decay
of the swirl intensity defined by the axial flux of the mean
angular momentum along the axial direction [25,26]. These
behavior could not be reproduced by the standard K − ε model
with the eddy viscosity [24]. In this sense, validity of the
Reynolds-stress expression [Eqs. (30) and (39)] is confirmed
at the turbulence or closure model simulation level. Details of
the application of the helicity turbulence model to a swirling
pipe flow are presented in Appendix A 2.

IV. NUMERICAL SIMULATIONS

It is necessary to study carefully the inhomogeneous
helicity effect in the turbulent momentum transport using direct
numerical simulations (DNSs). For this purpose, we check the
validity of the expression for the Reynolds stress [Eq. (39)]
using DNSs of a turbulent flow with inhomogeneous helicity.

A. Setup

In the present work, we adopt a setup that is suitable
for examining the deviatoric part of the Reynolds-stress
expression [Eqs. (30) and (39)]. Let us consider helical
turbulence in a box with imposed rotation ωF depicted in Fig. 1.
The axis of rotation ωF is aligned with the y axis as

ωF = (
ωx

F,ω
y

F,ωz
F

) = (0,ωF,0). (44)

FIG. 1. Setup of the turbulence with rotation ωF (left) and
schematic spatial profiles of turbulent helicity H (= 〈u′ · ω′〉) given
by Eq. (45) (center) and its derivative dH/dz (right). The helicity
inhomogeneity is generated by an external forcing.
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The inhomogeneous helicity is sustained by an external
forcing, leading to a spatial distribution of turbulent helicity
schematically expressed as

H (z) = − 1
2H0z

(
z2 − 3z2

0

)
, (45)

where H0 is the peak magnitude of the turbulent helicity at
positions z = ±z0.

In the simulations, we use helically forced turbulence where
the degree of helicity is modulated in the z direction in a
periodic fashion. The wave number of the forcing is kf and
that of the box is k1, which is also the wave number of the
helicity modulation in the z direction.

We consider averages over x, y, and t over an interval
during which the system is statistically steady. We denote these
averages by 〈· · · 〉. In particular, we consider the Reynolds
stress tensor component Ryz = 〈u′yu′z〉, the mean flow 〈u〉 =
U(z,t), and the helicity density H = 〈u′ · ω′〉 with ω′ = ∇ ×
u′ being the vorticity fluctuation. In all cases, the helicity of
the mean flow, U · � (� = ∇ × U), is negligible.

We apply rotation in the y direction as Eq. (44). At the initial
stage, we have no large-scale flow U. It follows from Eq. (39)
that, at the early stage of flow evolution, the y-z component of
the Reynolds stress may be given by

〈u′yu′z〉 = η2ω
y

F

∂H

∂z
. (46)

Once the large-scale flow is generated, but the mean relative
vorticity is still smaller than the rotation (|�| � |2ωF|), the
y-z component of the Reynolds stress is written as

〈u′yu′z〉 = −νT
∂Uy

∂z
+ η2ω

y

F

∂H

∂z
. (47)

If 〈u′yu′z〉 = 0 in the statistically steady state, then

Uy = (η/νT) 2ω
y

FH, (48)

which corresponds to a mean flow in the direction of the
rotation axis.

We consider three values for the scale separation ratio,
kf/k1 = 5, 15, and 30, and determine η/νT using Eq. (48)
by measuring Uy and H (kf : forcing wave number, k1: wave
number for system size). We express time in terms of

τ = 1/urmskf, (49)

which is also used as an estimate of the correlation time of the
turbulence (urms: root mean square velocity). Kinetic energy
spectra, EK(k,t), are normalized such that

∫
EK(k,t) dk =

〈u2〉/2.
All simulations are performed with the PENCIL CODE,1

which uses a high-order finite difference method for solving
the compressible hydrodynamic equations. We use a small
Mach number so that the results are essentially the same as for
a purely incompressible flow.

B. Numerical results

The results are summarized in Table I. All simulations show
that the sign of η is positive. We find that η/(νTτ 2) is in

1http://github.com/pencil-code/

TABLE I. Summary of DNS results. The Reynolds number is
defined by Re = urms/(νkf ).

Run kf/k1 Re Co η/(νTτ 2)

A 15 60 0.74 0.22
B1 5 150 2.6 0.27
B2 5 460 1.7 0.27
B3 5 980 1.6 0.51
C1 30 18 0.63 0.50
C2 30 80 0.55 0.03
C3 30 100 0.46 0.08

the range of O(10−2) to O(10−1), depending on Reynolds
and Coriolis numbers (Co = ωFτ ) as well as scale separation.
Run A shows clear generation of a mean flow as seen from
Eq. (48). This equation is also used to determine η/(νTτ 2) as
the correlation coefficient in Uy vs 2ω

y

FH ; see the last column
of Table I.

1. Mean flows

As we see from Eq. (48), the large-scale flow is expected to
be generated in the direction of the rotation vector ωF (or the
large-scale vorticity �) mediated by the helicity effect. The
shape of the mean axial velocity component Uy is shown in
Fig. 2. A clear flow pattern with positive and negative velocity
is seen, which corresponds to the velocity distribution given
by Eq. (48).

In Fig. 3 we show the temporal evolution of the turbulent
helicity 〈u′ · ω′〉 and the mean-flow helicity U · ωF. In this
simulation, the turbulent helicity 〈u′ · ω′〉 is sustained by the
external forcing from the beginning of the simulation. Its
spatial distribution reflects the forcing, which is proportional
to sin k1z so that H > 0 for z > 0 and H < 0 for z < 0. On
the other hand, the mean-flow helicity U · ωF is generated as
the mean axial flow Uy is induced by the inhomogeneous
turbulent helicity effect. The magnitude of U · ωF reaches an
equilibrium value around t/τ = 2000. Its spatial distribution
is consistent with the direction of the induced axial flow Uy .

FIG. 2. Axial flow component Uy on the periphery of the domain
for Run B2 with kf/k1 = 5 and Re = 460.
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FIG. 3. Turbulent helicity 〈u′ · ω′〉 (top) and mean-flow helicity
U · ωF (bottom) for Run C1 with kf/k1 = 30 and Re = 18.

2. Reynolds stress tensor

As noted in connection with Eqs. (46) and (47), at the
early stage of development, we have no large-scale flows.
In this case, the Reynolds stress should be represented only
by the ωF- or rotation-related terms in Eqs. (30) and (39).
First we examine this early stage of development by taking an
average over time from t/τ = 40 to 200. The y-z component
of the Reynolds stress, 〈u′yu′z〉 in the early stage is shown
in the top panel of Fig. 4. The spatially averaged magnitude
of the Reynolds stress is drawn with the dot dashed line. The
top panel shows that the peak magnitude of the Reynolds

FIG. 4. Reynolds stress 〈u′yu′z〉 (top), helicity-effect term
(∇H )z2ω

y

F (middle), and their correlation (bottom) for Run A with
kf/k1 = 15 and Re = 60 at the early stage of development (averaged
over time from t/τ = 40 to 200).

FIG. 5. Mean axial velocity Uy (top), turbulent helicity multi-
plied by rotation C2

0 〈u′ · ω′〉 = (2ωFτ )2H (middle), and their cor-
relation (bottom) for Run A with kf/k1 = 15 and Re = 60 at the
developed equilibrium stage (averaged over time from t/τ = 0 to
2000).

stress normalized by the turbulent intensity 〈u′2〉 is about
0.01. In the middle panel of Fig. 4, the helicity-related term
2ω

y

F(∇H )z is plotted against z; the basic spatial profile reflects
the counterpart of the turbulent helicity schematically depicted
in the center panel of Fig. 1. The spatial profile of the Reynolds
stress 〈u′yu′z〉 is in remarkable agreement with the turbulent
helicity gradient coupled with the rotation, 2ω

y

F(∇H )z. This
agreement confirms the validity of the model expression (39)
based on the theoretical result [Eq. (30)].

Next, we examine the correlation between the mean velocity
and the helicity at the developed equilibrium stage reached
around t/τ = 2000. In the developed equilibrium state, the
mean velocity should be related to the rotation and turbulent
helicity as Eq. (48). In Fig. 5 we compare the mean axial
velocity component Uy and the turbulent helicity H . The
correlation between the generated mean velocity and helicity
is quite remarkable. This result also confirms the model
expression for the Reynolds stress [Eq. (39)].

The ratio of the magnitudes of the helicity to the eddy-
viscosity effects may be given by

(helicity effect)

(eddy-viscosity effect)
= |η2ωF∇H |

|νT∇U | ∼ η

νT

�∗
S |∇H |

∼ η

νTτ 2

�∗
S , (50)

where �∗ is the magnitude of mean absolute vorticity �∗(≡
� + 2ωF) and S the magnitude of velocity strain. With the
modeling of νT [Eq. (40)] and η [Eq. (41)], we see that η/(νTτ 2)
in this ratio corresponds to the ratio of model constants Cη/Cν ,
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FIG. 6. Inverse transfer seen in kinetic energy spectra at t/τ =
100, 200, 500, 1000, 2000, and 3500, for Run A with kf/k1 = 15,
Re = 60, Co = 0.7, and 2883 mesh points. The arrow denotes the
temporal evolution. The bold line indicates the last time in the plot.

which was estimated as

η

νTτ 2
≈ Cη

Cν

= 0.003

0.09
≈ 0.03 (51)

in the turbulent swirling flow model simulation [6] (see
Appendix A 2). The present DNS results for η/(νTτ 2) listed
in Table I should be compared with this estimate [Eq. (51)].
The value of Cη/Cν utilized in the previous work [6] is in
the range of the value of η/(νTτ 2) in the present DNSs. The
agreement seems to be better in the case with a weaker rotation
(smaller Co) and a larger scale separation (kf/k1). We should
note that in the turbulent swirling flow, where the helicity
turbulence model was applied, the ratio �∗/S estimated from
the scaled axial angular momentum flux was less than 0.2
[
∫ a

0 rUφUz2π dr/(πa2U 2
m) 
 0.18 at inlet, a: pipe radius, Uφ :

circumferential velocity, Uz: axial velocity]. This is a much
smaller rotation case as compared with the present DNSs. Also
note that the Reynolds number of the swirling flow was much

FIG. 7. Same as Fig. 6, but Run B2 with kf/k1 = 5, Re = 460,
and t/τ = 50, 100, 200, 500, and 1600, with Co = 0.7, and 2883

mesh points.

FIG. 8. Same as Fig. 6, but for Run C2 with kf/k1 = 30, Re = 80,
and t/τ = 50, 200, 1300, and 4700, with Co = 0.7, and 5763 mesh
points.

larger (∼5 × 104) and that the turbulent helicity was provided
by a large-scale swirling flow not by an external forcing.

3. Spectra

The spectra show a peak at the forcing wave number kf

and, at early times, a second peak at k/kf ≈ 0.25, which then
gradually moves to smaller values of k; see Fig. 6.

The inverse transfer behavior can also be seen at smaller
scale separation. In Fig. 7 we show the spectra for Run B2
with kf/k1 = 5 and Re = 460. The flow takes the form of
pairs of counterrotating vortices. This is shown in Fig. 2 for
the same run.

It is surprising at first sight that the inverse transfer behavior
is not seen at larger scale separation. This is demonstrated in
Fig. 8, where we see the result for kf/k1 = 30 and Re = 80. To
test whether the inverse transfer might be the result of a subcrit-
ical bifurcation, we have performed an identical simulation, but
with a different initial condition where an initial random flow
with a k−5/3 spectrum was used. The result is shown in Fig. 9,
where we see that the initial power at large scales gradually

FIG. 9. Same as Fig. 8, but for Run C3 with a finite amplitude
initial condition, giving Re = 100, at t/τ = 20, 100, 200, 500, 1000,
and 1700. Here kf/k1 = 30, Co = 0.5, and 5763 mesh points.
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disappears. This suggests that the large-scale flow occurs only
at finite scale separation ratios of between 5 and 15.

These results show that the inverse cascade is less strong
when the forcing is at smaller scales. This spectral behavior
may be attributed to the finite size of the simulation box. Also
this may be related to the fact that the relative importance
of helicity to eddy-viscosity effects is scale dependent. The
helicity effect (representing the transport suppression) is
connected with the inverse cascade, whereas the eddy-
viscosity effect (representing the transport enhancement)
is connected with the normal cascade. From the spectral
expression of the Reynolds stress [Eq. (30)], we estimate the
relative importance of the helicity effect as

(helicity effect)

(eddy-viscosity effect)
∼ �∗

S
|H (k,t)|
kE(k,t)

, (52)

where �∗(=
√
�∗ab�ab

∗ /2) and S(=
√
SabSab/2) are the magni-

tudes of the absolute vorticity and strain tensors, respectively.
If turbulent helicity obeys the same scaling as turbulent
energy, H (k,t) ∼ E(k,t) ∝ k−p (p: power index), we have
|H (k,t)|/[kE(k,t)] ∝ k−1 for the relative helicity. This sug-
gests that the helicity effect is less relevant as we go to smaller
scales. In this sense, it is important to see how the relative
helicity |H (k,t)|/[kE(k,t)] depends on the scale separation
kf/k1. Further examination of these results is left for interesting
future work.

V. DISCUSSION

Here we discuss the present mean-flow generation mech-
anism by inhomogeneous turbulent helicity in the context of
vortex dynamo. Comparisons with some of the representative
previous works on large-scale vorticity generation mechanism
such as the anisotropic kinetic alpha (AKA) effect [21] and
the � effect [32,33] are presented in Appendix B.

A. Vortex dynamo due to turbulent helicity

By applying the curl operation to the mean momentum
equation, we obtain the equation for the mean vorticity �(=
∇ × U) as Eq. (7). There the turbulent vortex-motive force
(VMF) VM = 〈u′ × ω′〉 represents the effect of turbulence in
the � equation. The turbulent VMF is directly related to the
Reynolds stress R = {Rij } [Eq. (9)] as

V i
M = −∂Rij

∂xj
+ ∂K

∂xi
. (53)

Note that the second or ∇K term does not contribute to the
vorticity generation at all since ∇ × ∇K = 0. Substitution of
R [Eq. (30)] into Eq. (53) gives the VMF expression as

VM = −D�(� + 2ωF) − [(� + 2ωF) · ∇]� − νT∇ × �

(54)
with

D� = ∇ · �. (55)

The third or νT-related term in Eq. (54) is the turbulent
diffusion of �, representing the destruction of the large-scale
vorticity due to turbulence. The first and the second terms
give a possibility of the mean vorticity generation due to the
inhomogeneity of the turbulent helicity.

We consider a situation where the angular velocity is much
larger than the mean vorticity:

|2ωF| � |�|. (56)

In this case with the setup we considered in the numerical
simulation, the contribution from the second term vanishes
since the direction of ωF (y direction) is perpendicular to the
direction of the inhomogeneity (z direction). We then have the
turbulent VMF as

VM = −D�2ωF − νT∇ × �. (57)

In a special case with the spatial distribution of the turbulent
kinetic helicity given by Eq. (45), we have

D� 
 Cητ�2 ∂2H

∂z2
= −3Cητ�2H0z. (58)

In this case, the mean vorticity induction due to the first term
in Eq. (57) is given by

IV = ∇ × VM = ∇ × (−D�2ωF) = 2ωF × ∇D� (59a)

or in components,

Iα
V = εαba2ωb

F
∂D�

∂xa
. (59b)

This leads to the mean vorticity generation in the x direction
as

I x
V = 6Cητ�2H0ωF = 6Cη

K

ε

K3

ε2
H0ωF. (60)

Note that the large-scale vorticity is generated in the direction
perpendicular to both the directions of the angular velocity
(y direction) and of the turbulent helicity inhomogeneity
(z direction).

Equation (60) shows that rotation coupled with inho-
mogeneous turbulent kinetic helicity generates a large-scale
vorticity component that is not in the rotation direction, and
the magnitude of generation in this particular case is uniform
in space.

Equation (57) should be compared with the equilibrium
expression (48), which shows that the large-scale flow is
generated in the direction of the rotation vector with a
coefficient proportional to the turbulent helicity. The mean
velocity equation is obtained by uncurling Eq. (7). We see from
Eq. (57) that the mean velocity generation is in the direction of
the rotation vector with the proportionality coefficient −2D� .
In the special case we considered in the numerical simulation,
D� may be expressed as Eq. (58), which corresponds to
Eq. (48).

B. Physical origin of the helicity effect

Since the Reynolds stress R = {Rij } is a rank two tensor,
it is not so simple to draw an intuitive physical picture of
each component of the Reynolds stress. On the other hand, the
turbulent VMF VM = 〈u′ × ω′〉 is a vector so that it is easier to
get a physical picture of VM. The relationship between VM and
R is given by Eq. (53). Here we consider the turbulent VMF
in the mean vorticity equation, instead of the Reynolds stress
in the mean momentum equation, to understand the physical
origin of the present helicity effect.
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FIG. 10. Physical origin of the helicity effect.

A mean velocity induction constant in space does not
contribute to the generation of mean vorticity at all since
� = ∇ × U. So, we focus our attention on the inhomogeneous
helicity represented by D� = ∇ · � ∝ ∇2H [Eq. (55)]. The
Laplacian of H , ∇2H , quantifies how prominent the local
H is as compared with the surrounding H in average. The
Laplacian may be estimated as

∇2H 
 −δH

�2
= −〈u′ · δω′〉

�2
, (61)

where � is the helicity variation scale, δH is the helicity
variation relative to the average of the surroundings, and δω′
is the vorticity fluctuation associated with δH . Positive δH

correspond to positive alignment of δω′ with the velocity
fluctuation u′ in the statistical sense (δH = 〈u′ · δω′〉 > 0) and
vice versa.

We consider a fluid element fluctuating with u′ in the
mean absolute vorticity �∗ (Fig. 10). We further assume an
inhomogeneous helicity density with ∇2H < 0 [i.e., δH > 0
according to Eq. (61)] and the relative helicity variation
δH varies in space (δH+ > δH− in Fig. 10). Equation (61)
indicates that δω′ is statistically parallel to u′ (〈u′ · δω′〉 > 0)
although each realization is more random. In this figure, for the
sake of simplicity, the direction of u′ is drawn in the direction
parallel to the gradient of δH . Note that the present argument
applies for any u′ direction with respect to the gradient of δH .
For a given u′, the magnitude of δω′ reflects that of δH . It is
also worthwhile to remark that the spatial variation of ∇2H

produces a nonuniform flow necessary for the induction of
large-scale vorticity.

In the presence of absolute vorticity �∗, a fluid element
moving with u′ is subject to the Coriolis-like force to induce a
flow modulation δu′ = τu′ × �∗. Then we have a contribution
to the VMF and consequently to the mean velocity induction
δU = τ 〈δu′ × δω′〉, whose direction is parallel to the mean
absolute vorticity when ∇2H < 0. As a result, mean vorticity
is generated as δ� = ∇ × δU, which is in the direction of
�∗ × ∇(∇2H ). This is in agreement with Eq. (59). Note that
the direction of the gradient of ∇2H is opposite to that of δH

as in Eq. (61).
These arguments show that the basic elements of the present

helicity effect are (i) local angular momentum conservation
represented by the Coriolis force and (ii) the presence of an
inhomogeneous turbulent helicity.

VI. CONCLUSIONS

The effect of kinetic helicity in the turbulent momentum
transport was investigated. We assumed the generic statistical
properties for the basic or lowest-order fields of homogeneous
isotropic and nonmirror-symmetric turbulence. It was shown
that, as a higher-order or inhomogeneity contribution, the
turbulent helicity gradient naturally enters the Reynolds-stress
expression as the coupling coefficient of the mean vorticity
and/or angular velocity. The inhomogeneous turbulent helicity
coupled with the mean vorticity or rotation may contribute
to the generation of large-scale flow. This mechanism was
examined with the aid of DNSs of rotating turbulence with
nonuniform helicity sustained by an external forcing. The
numerical result showed a good correlation between the
Reynolds stress and the helicity inhomogeneity coupled with
the rotation in this simple flow geometry. This confirmed the
inhomogeneous helicity effect in large-scale flow generation;
a large-scale vortical motion is generated by inhomogeneous
turbulent helicity in the presence of rotation. Unlike other
vorticity-generation mechanisms such as baroclinicity, the
present helicity effect can work even in incompressible turbu-
lence. Since nonuniform turbulent helicity is easily generated
by rotation in the presence of boundaries, this large-scale
flow generation mechanism is expected to be ubiquitous
in astro- and geophysical phenomena. At the same time,
density stratification, as well as rotation, is one of the main
factors that produce turbulent helicity. In this sense, the
large-scale flow generation due to the inhomogeneous helicity
effect in compressible turbulence will provide an interesting
subject for future investigation.
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APPENDIX A: HELICITY TURBULENCE MODEL
AND ITS APPLICATION TO A SWIRLING FLOW

In the present model, the turbulent helicity in a gradient
form shows up in the Reynolds-stress expression. As this
consequence, the transport equation of the turbulent helicity
should be also considered. This is a natural extension of the
usual K-ε model and is called the helicity turbulence model.
This model was already applied to a turbulent swirling pipe
flow in Ref. [6]. Here we outline the basic model structure and
present some of the application results that are relevant to the
present paper. For the details of the modeling and its results in
a turbulent swirling flow see Ref. [6].
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1. Helicity turbulence model

In addition to the mean momentum equation (6) with the
Reynolds stress expression (39), the evolution equations of
the turbulent statistical quantities, K , ε, and H , should be
simultaneously considered. From the fluctuation velocity and
vorticity equations, the equations of K and H are written in
the same form as(

∂

∂t
+ U · ∇

)
G = PG − εG + ∇ · TG, (A1)

where PG, εG, and TG are the production, dissipation, and
transport rates of the quantity G = (K,H ). They are defined
and modeled by

PK = −〈u′au′b〉∂Ub

∂xa
, (A2a)

εK = ε, (A2b)

TK = −
〈(

u′2

2
+ p′

)
u′ + ν∇K

〉
= νT

σK

∇K, (A2c)

PH = −〈u′au′b〉∂�b

∂xa
− (

�a + 2ωa
F

) ∂

∂xb
〈u′au′b〉, (A3a)

εH = 2ν

〈
∂u′a

∂xb

∂ω′a

∂xb

〉
= CH

ε

K
H, (A3b)

TH = K(� + 2ωF) − 〈(u′ · ω′)u′〉 +
〈(

u′2

2
− p′

)
ω′

〉

= K(� + 2ωF) + νT

σH

∇H. (A3c)

The model equation of the energy dissipation rate ε is given
by(

∂

∂t
+ U · ∇

)
ε = Cε1

ε

K
PK − Cε2

ε

K
ε + ∇ ·

(
νT

σε

∇ε

)
.

(A4)

Here σK , CH , σH , Cε1, Cε2, and σε are model constants. A
system of equations, the mean velocity equation with the
Reynolds stress [Eq. (39)] with the transport coefficients νT

[Eq. (40)] and η [Eq. (41)] and the equations of the turbulence
statistical quantities [Eqs. (A1) and (A4)], constitutes a
turbulence model. This is a closed system of equations since
the turbulent transport coefficients νT and η or � are expressed
in terms of the turbulent statistical quantities, whose evolutions
are solved simultaneously with the mean-field equation. This
model is reduced to the usual K-ε model in the absence of the
turbulent helicity (H = 0). This is a natural extension of the
K-ε model, and we may call it the helicity turbulence model.

We can also construct the transport equation for the dissi-
pation rate of the turbulent helicity, εH , from the fundamental
equations [34]. However, for the sake of simplicity, we adopt
a simplest possible algebraic model for εH as Eq. (A3b).

2. Application to turbulent swirling flow

The helicity turbulence model was applied to a turbulent
swirling pipe flow. We consider a swirling pipe flow in
cylindrical coordinates (r,θ,z) with the central pipe axis being
in the z direction. In a turbulent pipe flow, the mean axial

velocity Uz shows a very flat radial profile, which is one of
the consequences of the enhanced momentum transport due to
turbulence. No mean-flow inhomogeneities can be allowed in a
highly turbulent state in the main portion of the flow. However
this situation drastically changes if we apply a swirling or
circumferential flow Uθ in addition to the axial flow. The flat
profile of the mean axial velocity changes to inhomogeneous
one with the dent or deceleration in the central axis region. It
has been well known that the usual K-ε model applied to the
turbulent swirling flow completely fails in reproducing this
dent profile. Due to the strong momentum transport arising
from turbulent viscosity, the dent profile imposed in the inlet
region rapidly decays and the usual flat profile is immediately
realized in the numerical simulation [24]. On the other hand,
it is ubiquitously observed in the experiments that the swirling
velocity and the dent profile of the mean axial velocity in the
central axis region is sustained further downstream [25,26].
This is one of the main drawbacks of the K-ε-type turbulence
model applied to swirling pipe flow.

The presence of the rotational or circumferential motion
gives a breakage of mirror symmetry between the parallel and
antiparallel directions along the central axis. This suggests that
it makes sense to consider the turbulent helicity in a swirling
flow configuration. With this thought, the helicity turbulence
model mentioned above was applied numerically to a swirling
pipe flow [6]. Due to the helicity effect coupled with the
mean vorticity represented by the second term in Eq. (39), the
enhanced momentum transport due to turbulence is effectively
suppressed. As shown in Fig. 11, the inhomogeneous dent
profile of the mean axial velocity in the central axis region
imposed as the inlet boundary condition is sustained up to
downstream. This is in marked contrast with the result obtained
with the usual K-ε model, where the dent profile immediately
disappears due to a strong effect of the turbulent viscosity
represented by the first term in Eq. (39).

If we adopt a slightly smaller model constant for the
helicity-related term in Eq. (39), say, Cη = 0.002, the dent

FIG. 11. Mean axial velocity profile in the turbulent swirling flow.
The normalized mean axial velocity Û z (= Uz/Um, Um: bulk velocity
defined by Um = ∫ a

0 Uz2πr dr/πa2) is plotted against the scaled
radius r/a (a: pipe radius): ×, experiment; —–, K-ε-H model; – –,
standard K-ε model. Redrawn from Ref. [6].
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at the central axis decreases to be closer to the experimental
profile. However, we did not need to adopt such an approach
in Ref. [6] since our purpose was not to pursue the model
achievement by optimizing the model constants, but to show
the basic tendency of the model; the suppression of turbulent
momentum transport by the helicity effect.

This numerical simulation with the aid of turbulence
or closure model confirms that the inhomogeneity of the
turbulent helicity plays a key role in the transport suppression
in turbulence. The enhanced momentum transport due to the
turbulent or eddy viscosity can be effectively suppressed by
the inhomogeneous turbulent helicity effect coupled with the
mean vortical motion.

APPENDIX B: COMPARISON WITH RELATED EFFECTS

Here we list two representative models previously studied
as a vortex generation mechanism, (i) the anisotropic kinetic
alpha (AKA) effect [21] and (ii) the � effect [32,33], and
compare them with the present helicity one.

1. AKA effect

The anisotropic kinetic alpha (AKA) effect is a three-
dimensional large-scale instability of the hydrodynamic flow
lacking parity invariance. The lack of parity invariance is
broader concept than the helicity. The basic procedure deriving
the AKA effect is as follows: (i) Solve the equation for the
perturbed small-scale field:

∂u′α

∂t
+ Ua ∂u′α

∂xa
= − ∂

∂xa
(u′au′α) − ∂p′

∂xα
+ ν

∂2u′α

∂xa∂xa
+ f α

(B1)

[f(x,t): time-dependent space-and-time-periodic external
force] with the assumption that the turbulent or small-scale
Reynolds number is small. Here the mean velocity is assumed
to be uniform over the small-scale length and time scales.
(ii) Calculate the Reynolds stress Rαβ = 〈u′αu′β〉. If the mean
velocity is small, the Reynolds stress can be expressed by using
the Taylor expansion as

Rαβ = 〈
u′

0
αu′

0
β
〉 + U� ∂〈u′αu′β〉

∂U�

∣∣∣∣
U=0

+ · · · , (B2)

where u′
0 is the basic turbulence field driven by f(x,t), which

satisfies an incompressible Navier–Stokes equation as

∂u′
0
α

∂t
+ ∂

∂xa

(
u′

0
au′

0
α
) = − ∂p′

0

∂xα
+ ν

∂2u′
0
α

∂xa∂xa
+ f α. (B3)

(iii) Substitute the Reynolds stress expression into the mean-
velocity equation:

∂Uα

∂t
+ Ua ∂Uα

∂xa
= −∂Raα

∂xa
− ∂P

∂xα
+ ν

∂2Uα

∂xa∂xa
. (B4)

If we adopt expansion (B2), the equation for the large-scale
motion becomes

∂Uα

∂t
= ααa� ∂U�

∂xa
− ∂P

∂xα
+ ν

∂2Uα

∂xa∂xa
, (B5)

where

ααa� = −∂〈u′αu′a〉
∂U�

∣∣∣∣
U=0

. (B6)

Equation (B5) is referred to as the linear AKA equation. In the
nonlinear regime, the AKA equation is written as

∂Uα

∂t
+ ∂

∂xa
UaUα = ααa� ∂U�

∂xa
− ∂P

∂xα
+ ν

∂2Uα

∂xa∂xa
. (B7)

Note that, in Eq. (B1), the mean velocity-gradient term
−u′a(∂Uα/∂xa) is neglected. Also the Reynolds-stress term
(∂/∂xa)Raα is dropped. Such terms may be neglected in
low-Reynolds-number flow but play an important role in the
evolution of fluctuations in realistic fully developed turbulence
with mean-field inhomogeneities.

As has been mentioned, the AKA effect operates basically
only at low Reynolds numbers [35], when the eddy or turbulent
viscosity is negligible in the mean momentum equation. This is
reflected in Eqs. (B5) and (B7), where the molecular viscosity
ν is the only mechanism that provides diffusive transport of
the mean momentum. This point is in marked contrast both to
the present helicity effect and to the � effect.

2. � effect

The � effect is a turbulence contribution to the Reynolds
stress arising from anisotropy in the turbulence. A similar
effect arises in magnetohydrodynamic (MHD) turbulence,
where the turbulent electromotive force (EMF) in the mean
magnetic induction equation, 〈u′ × b′〉, is expressed as a linear
combination of the functionals of the mean magnetic field as
[36]

〈u′ × b′〉α = · · · + ααaBa + · · · . (B8)

By analogy with the EMF in the MHD turbulence, the
Reynolds stress in the mean momentum equation in the hydro-
dynamic turbulence, 〈u′αu′β〉, is supposed to be expressed in
terms of a linear combination of the functionals of the angular
velocity ωF as

〈u′αu′β〉 = · · · + �αβaωa
F + · · · . (B9)

The transport coefficient �αβγ is symmetric with respect to its
indices α and β, and should have positive parity since both
the Reynolds stress 〈u′αu′β〉 and the angular velocity ωF have
positive parity as in Eqs. (12) and (13).

The Reynolds-stress expression usually contains the eddy-
viscosity or diffusive part as

〈u′αu′β〉 = · · · − νTSαβ + · · · , (B10)

which always enhances the momentum transport and smoothes
out the inhomogeneous flow structures. On the other hand, the
� effect may generate a nonuniform flow.

The � effect is similar to the present helicity effect in
that both effects occur in the strong turbulence regime, where
the primary turbulence effect is the transport enhancement
represented by the eddy or turbulent viscosity. This is in
strong contrast with the AKA effect which works only in
low Reynolds number turbulence, when we do not have any
turbulent diffusive effects.

On the other hand, in the formulation of the � effect, the
form of the Reynolds stress, Eq. (B9), is assumed through
the symmetry arguments on the Reynolds stress [Eq. (12)]
and the angular velocity [Eq. (13)]. Also in the �-effect
formulation, the expression for the coefficient tensor �αβγ
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is constructed on the basis of the considerations of parity
symmetry (or asymmetry), anisotropy, boundary conditions,
etc. As for the preferred direction leading to anisotropy, the
radial or “gravity” direction ĝ (=g/|g|, g: the gravitational
acceleration vector) is usually adopted in the context of stellar
differential rotation. As a result, the “rigid” rotation-related
part of �αβγ is written as [33]

�αβγ = �V(εαaγ ĝβ + εβaγ ĝα)ĝa (B11)

(�V: magnitude of the vertical � effect).
By contrast, in the present helicity-effect formulation, the

dependence of the Reynolds stress is derived through the
mean-field inhomogeneities from the fundamental equations
without resorting to any prescribed form of the Reynolds
stress. Note that it is only the statistical property of the basic

fields expressed in Eqs. (25) and (26) that is assumed in the
present formulation, and the dependence of the Reynolds
stress on the mean-field inhomogeneities automatically
appears through the differential expansion of the field
quantities [Eqs. (22) and (21)].

These features of the present formulation constitute con-
siderable advantages in treating cases with several kinds
of mean-field inhomogeneities. The cases of treating the
Reynolds stress and the turbulent EMF in inhomogeneous
turbulence are such examples. In the presence of a nonuniform
mean flow, the turbulent EMF should depend on the mean
vorticity (antisymmetric part of the mean velocity shear) in
addition to the usual dependence on the mean magnetic field
[3,37]. Similarly, we should consider the mean magnetic-field
shear in addition to the eddy-viscosity (mean velocity strain)
and the helicity or � (vorticity and/or angular velocity) terms
[3,38].
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