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S u m m a r y : We investigate the general properties of supernova driven interstellar
turbulence using local three-dimensional MHD simulations under Galactic conditions. Our
model includes the effects of large-scale shear due to Galactic differential rotation, density
stratification, compressibility, magnetic fields, heating via supernova explosions and param-
eterized radiative cooling of the interstellar medium. In addition to investigating isolated
supernova explosions we allow for multiple supernovae distributed randomly in the Galactic
disc and exponentially in the vertical direction. Single supernova explosions drive a strong
shock, the lifetime of which is approximately 2 Myr in our model. This stage is found to be
characterized by a kinetic energy spectrum in the diffuse gas with spectral index consistent
with k = —2. Large-scale shear and Coriolis force act on the supernova remnant producing
some vorticity inside it, but this process was found to be very weak. In the case of multiple
supernova explosions, older remnants have an important role causing density fluctuations
in the interstellar medium. In this "clumpy" medium, the propagation velocity of the shock
fronts changes due to the changing density, and vorticity is generated. In the absence of
these supernova interactions the kinetic energy spectrum shows a relatively wide shock spec-
trum with spectral index k = —2, but when the supernova interactions become dominant the
classical k = —5/3 spectrum is observed.
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1. INTRODUCTION

The interstellar medium (ISM) is a highly turbulent flow. Interstellar turbulence,
however, is significantly different from the turbulence observed in homogeneous,
isotropic and incompressible laboratory flows. The ISM is inhomogeneous, having
a multi-phase structure: there are cold dense clouds and hot dilute bubbles in the
warm diffuse interstellar gas. Isotropy is violated, for example by gravity and large
scale magnetic fields. The most important drivers of interstellar turbulence are
stellar explosive events (supernova explosions and stellar winds), which strongly
heat, accelerate and compress the ISM, driving shock waves (e.g. Ostriker and
McKee, 1988). Other sources of turbulence include the Parker instability (Parker,
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1992), the Balbus-Hawley instability (Balbus and Hawley, 1991} and large scale
shear stresses provided by galactic differential rotation (Fleck, 1981).

It is generally believed (e.g. Beck et al., 1996; Zweibel and Heiles, 1997) that
the observed large scale magnetic fields in galaxies are generated by the action of
a hydromagnetic dynamo (Parker, 1955; Steenbeck, Krause & Radler, 1966). In
contrast to the galactic rotation, the knowledge of interstellar turbulence is rather
poor. However, there has recently been a lot of interest in calculating the mean-
field transport coefficients (a and r)t) resulting from isolated supernova (hereafter
SN) explosions occuring in magnetized, rotating and vertically stratified galactic
discs (e.g. Ferriere, 1996; Ziegler et al., 1996). The resulting a-effect and turbu-
lent diffusivity are weaker than expected, although in the model of Ferriere (1996)
superbubbles, which are huge cavities produced by clustered SNe, were found to
produce significantly larger values of the transport coefficients.

Due to the development of computer technology it is now possible, in addition to
calculating the mean-field transport coefficients, to investigate the general properties
of interstellar turbulence. Recent work on realistic models of the ISM has been done
e.g. by Rosen et al. (1995), who developed a global two-dimensional model of the
ISM, and Vazquez-Semadeni et al. (1996), who investigated the effects of cooling
induced compressibility on turbulent flows in three dimensions. Our present work
aims at investigating the general properties of SN driven interstellar turbulence us-
ing a local three-dimensional model of the warm and hot phases of the interstellar
medium under Galactic conditions. The temperature of the cold phase is not cor-
rectly reproduced, but it is included in the sense that the scale height of the average
density is only 100 pc, and not 500 pc, which is the scale height of the warm phase
alone. In this paper we present results both for single SNe and multiple interacting
SNe.

2. THE MODEL

We take a local Cartesian frame of reference where the x-direction points away
from the Galactic centre, y in the azimuthal direction and z along the rotation axis.
The centre of the box is moving on a circular orbit with radius R and angular velocity
flo about the Galactic centre. We define a shear parameter q = -d In fi/9 In r, where
r is the distance from the rotation axis. In the solar neighbourhood fi <x r"1, which
yields q = l. In our local frame of reference the shear in angular velocity translates
to a linear shear velocity u^ = — q$l0x (Wisdom and Tremaine, 1988). In the
following we solve for the. deviations u from this basic flow. We solve the uncurled
induction equation for the magnetic vector potential, the momentum equation, the
energy equation and the continuity equation, which we can write in the following
form:
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where the time derivative D/D t = d/dt + u^d/dy includes the transport by our
basic flow. In equation (2) the term / (u) = fi0(2u,,, -(2-q)ux,Q) describes epicyclic
deviations from the purely circular rotation, which arise from the Coriolis force
Fc = -2 fi x u and part of the inertia force -uxdu^>/dx = q$l0ux. The gravity in
the vertical direction is assumed to be

where cs is the isothermal sound speed and H is the scale height of the disc. The
loss term pA in the energy equation describes the radiative cooling of the interstellar
medium. The cooling function A = A.iT0i,Ti <T < Ti+i, is adopted from Vazquez-
Semadeni et al. (1996). Temperature T is measured in Kelvins and A in ergs"1 g~2

cm3 (see Table I). The energy source term describing the heating due to supernova
explosions is

where ESN is the explosion energy, V — 5x Sy 5z is the explosion volume, 6x =
Sy = 8z is our spatial resolution and g(t) = 1 when ti < t < t2- We assume
that supernovae are randomly distributed in the Galactic disc having an explosion
rate a per unit area. In the vertical direction the distribution is considered to be
exponential with scale height HSN, which yields the explosion rate per unit volume

The remaining quantities have their usual meaning: J = ^ *V x B is the current
density, p,0 the vacuum permeability, v the kinematic viscosity, r = 2vpS the stress
tensor, Stj = \ (djUi + dtiij, — |tfy3fcufe), r\ the magnetic diffusivity and x the ther-
mal diffusivity. We assume a perfect gas law p = pe(j - 1) with 7 = cp/cv = 5/3.
The temperature is related to the internal energy by e = cvT.

We assume stress-free, electrically insulating boundary conditions at the top and
the bottom of the box (along the ^-direction), i.e.

In the azimuthal (y) direction periodic boundary conditions are applied, and bound-
ary conditions are quasi-periodic in the radial (2) direction accounting for the effect
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of the shear flow: F(Lx,y, z) = F(Q,y + q^lQLxt,z), where F represents any of the
eight dependent variables.

Equations (l)-(3) are solved numerically using a third-order Hyman (1979) scheme
for the time stepping and a sixth-order compact scheme for the spatial derivatives
(Lele, 1992). We adopt artificial viscosities to capture shocks and hyperviscous fluxes
to stabilize advection and waves. The shock capturing viscosity is nonvanishing in
the regions where -V • u > 0 and proportional to —V • u there. The hyperviscosity
is proportional to the modulus of the ratio of the third to the first derivative of the
velocity field. A more detailed description of the code is given in Brandenburg et al.
(1995). The code was validated examining single nonradiative SN explosions, for
which a simple analytical solution can be obtained using self-similarity arguments
(Sedov, 1959). The density, temperature, pressure and velocity profiles were found
to be in agreement with the analytical solution.

We take a box of dimensions Lx = Lv = Lz = 0.5 kpc located at reference radius
R = 10 kpc in the Galaxy. We use a numerical resolution of 81 x 81 x 81 corresponding
to dx = 6y = 8z = 6.2 pc. We take the angular velocity in the solar neighbourhood
to be Q0 = 25 km s"1 kpc"1. We have an initially uniform internal energy e = e0,
where e0 is determined by the isothermal sound speed c, = ^(7 — 1) e0> which we
set to be 10 km s-1. We adopt hydrostatic equilibrium initially with

corresponding to the gravity adopted, Eq. (5), where H = 100 pc is the scale height
of the Galactic disc and p0 = 2 • 10~24 g cm-3 is the average density in the Galactic
midplane. Initially we assume u = 0. We apply uniform azimuthal magnetic field
B = (0, s i n (nz /L z ) ,Q) , whose strength is of the order of IjuG.

We use parameters describing type II SNe, because type I SNe have lower Galac-
tic frequency and larger scale height and therefore contribute less to events in our
computational domain. We take HSN = 90 pc and a = 1.2 • 10-5 kpc~2 yr-1. These
values give approximately one SN in every 330 000 years in the Galactic midplane.
We consider explosions releasing the energy ESN = 1051 erg, which occur in a single
gridpoint corresponding to the explosion volume V = Sx3.

Table 1. The cooling function used

T<[K]

100
2000
8000
105

Ai [ erg a V2cm3]

1.14 • 10"
5.08 • 1016

2.35 • 10"
9.03 • 1028

A

2.000
1.500
2.867
-0.650
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Fig. 1. Typical snapshot of a run with multiple SNe. These plots are xy-slices at the Galactic
midplane. Panel (a) shows velocity field and panel (b) magnetic field superimposed on
density contours at t=4.4 Myr. The scaling of the velocity field is logarithmic due to the
large contrast between the velocities in young and old remnants. Darkest colour represents
density 6 • 10~24 g cm- 3 and the lightest 10-27 g cm-3. Maximum velocity in these plots is
of order 300 km s-1 and maximum magnetic field strength is of order 2 pG.
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Fig. 2. Magnetic and kinetic energy spectra in a run with multiple SNe. In these plots
the units of kinetic and magnetic energy are [ E K ] = [Em] = 3 • 1050 erg and the unit of
wavenumber is [k] =kpc-l. In panel (a) the kinetic energy spectrum at t = 1.4 Myr (dotted)
and t — 3.0 Myr (solid) is plotted. A spectrum with spectral index consistent with k = — 2
is observed at both times. Panel (b) shows the kinetic energy spectrum at t — 4.4 Myr,
when the spectral index is approximately k = —5/3. Panels (c) and (d) show magnetic
energy spectrum at t = 1.4 Myr (dotted), t = 3.0 Myr (dashed) and t = 4.4 Myr (solid).
In panel (c) spectra of radial and vertical components are plotted and panel (d) shows the
spectra of the azimuthal component. At t = 1,4 Myr radial and vertical components are
characterized by a spectrum close to k = — 1, but later on they show spectrum with spectral
index consistent with k = —3/2. During the early stages the azimuthal component of the
magnetic field shows a spectrum with spectral index k = —3/2, but later on the slope gets
steeper.
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3. RESULTS

In our model SNe are modelled as instantaneous explosive events releasing large
amounts (1051 ergs) of thermal energy. This thermal energy is efficiently converted
to kinetic energy during the first 500 years of the supernova remnant's (hereafter
SNR) evolution. During the free expansion phase, when the mass of the initial ejecta
still exceeds the swept-up mass, expansion velocities up to 1200 km s-1 are present
yielding a Mach number Ma100, and a shock forms. Single SN remnant at the
shock stage was found to produce a kinetic energy spectrum with spectral index
k — — 2 at scales 35-80 pc. The initially ubiquituous azimuthal magnetic field (1
^G) is expelled from the interior of the remnant, and radial and vertical magnetic
fields are produced from the azimuthal one. The azimuthal magnetic field shows a
power-law spectrum with spectral index close to k = -3/2, while the weaker radial
and vertical components have a spectral index k = — 1.

After 2 Myr the propagation velocity of the shock front drops below the ambient
sound speed and the shock dies out. There is still a cool dense shell with a hot
interior left from the SN explosion. During this dense shell stage Coriolis force and
large-scale shear due to Galactic rotation become significant, because the diameter
of the remnant is larger. Large-scale shear stretches the remnant and it becomes
elliptically shaped. Radial expansion gives rise to Coriolis force, which generates a
tangential velocity component and causes the remnant to counterrotate as a whole.
These processes, and possibly also thermal instability for T > 105 K due to the
properties of our cooling function (cf. Table 1), produce some small scale motions
inside the remnant. Vorticity production, however, was found to be weak.

When we allow for multiple SNe there are both young SNe driving shock waves
and older remnants at the dense shell stage, and also SN interactions are possible.
In Fig. la,b a typical snapshot of a run with multiple SNe is presented showing
SNe at different evolutionary stages. During the first 3 Myr, when there are equal
amounts of shock fronts and dense shells, but no supernova interactions, kinetic
shock spectrum with spectral index k = -2 is observed (see Fig. 2a), which indicates
that the vorticity production due to Galactic rotation and Coriolis force acting on
the older remnants is less important. The observed shock spectrum is wider than
in the case of single SN (20-125 pc) because there are remnants of different sizes.
The more important role of older remnants is to produce density fluctuations in the
interstellar medium. They produce "clumps", where the density contrast pmax/pmin

between the cool dense shell and the interior can be 800 or even more. When
young SNe having large amounts of kinetic energy collide with these older remnants,
the propagation velocity of the shock front changes due to the changing density,
and vortical motions are generated. When both of the colliding remnants are very
energetic, reflections are also possible (see Fig. la), but their effect is essentially the
same. These interactions occur often after 3 Myr, and after 4.4 Myr kinetic energy
with spectral index k = —5/3 is observed indicating that the vortical motions have
become dominant (see Fig. 2b). In the regions where supernova interactions occur
the degree of magnetic field compression is higher and generation of radial and
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vertical magnetic field is enhanced. Instead of having spectral index k = -1, like in
the isolation stage (t = 1.4 Myr), a spectrum with k = -3/2 is observed after 4.4
Myr (see Fig. 2c).

4. CONCLUSIONS

In the present paper we have investigated some general properties of SN driven
interstellar turbulence. For single SN explosions we found that there are two major
stages governing the evolution of a SN: a shock stage, when a shock spectrum is
observed, and a dense shell stage, when Galactic rotation and Coriolis force act on
the remnant. We also allowed for multiple SNe distributed randomly in the Galactic
plane but exponentially in the vertical direction. At t = 3.0 Myr, when there were
equal amounts of SNe at the shock and dense shell stage and no SN interactions,
we observed a wide shock spectrum in the kinetic energy. This indicates that the
vorticity production via Galactic rotation and Coriolis force is weak compared to
shock production. SN interactions, however, were found to significantly amplify the
vortex mode.

We have not made any experimentations with different SN parameters (cr, HS N) ,
which are especially important in determining the frequency of supernova interac-
tions. Furthermore we did not include type I SNe because of their lower Galactic
frequency and larger HSN- Because of the density stratification, matter and mag-
netic fields tend to escape to the halo due to type II SN explosions. Therefore the
role of type I SNe, occurring at higher latitudes, might be very important causing
downward motions to compensate the escape of matter and magnetic fields. Another
interesting question, which is also beyond the scope of this paper, is whether this
kind of flow is capable of dynamo action or not. In future work we will try to answer
these questions.
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