ASTR/ATOC-5410: Fluid Instabilities, Waves, and Turbulence
Problem Set 1 (Due Wed., Sept 7, 2016) September 19, 2016, Axel Brandenburg

1. Picking up some pieces.

(a) For a monatomic gas, the stress tensor is 7 = 2pvS with S;; = $(u;; + uj;) — 36,5V - w.
Show that
T: Vu = 2pv8% (1)
Hint: make use of the facts that (i) S is a symmetric tensor, and (ii) it is trace-free.

(b) Furthermore, show that in this case, the viscous acceleration is

V.1 =p(Vu+iVV-u+25Vinpv). (2)
(c) Show that, for an ideal gas,
DS DT DP
PT D =D~ br ®)

Hint: use the facts that R/p = ¢p—¢y, DS = ¢;DIn P—¢,DInp,and DIn P = DInT+D In p.
Note: there is really a ¢, factor in front of the DT'/Dt term, not c,.

(d) During the lecture, we discussed the isochoric and isobaric instability criteria (5 < 0 and
B < 1, respectively. The latter is the more stringent one. Compare now with the isentropic
instability criterion

oL
— ) <0 (for instability). 4
(57), <0 « ) (@)

What is the condition on 57 Hint: use Eq. (27) from Handout 1 and make sure you

differentiate p with respect to 7" such that S = const. To do this, write the density in the

form p = p(T,5).

(a) We split Vu into symmetric and antisymmetric parts, i.e.

(Va)ij = 5(uig +uja) + 5(uij — uj). (5)

! vanishes, we find

Using the fact that a symmetric matrix multiplied by an antisymmetric one
T Vu = 2p05;; 3 (uij +uj;). (6)

Furthermore, S;; is trace-free, i.e., S;;0;; = 0, so

T : Vu = 2pvS;; [%(u” +uj;) + i ¥ “(anything)”} : (7)
Choosing “(anything)” = —%Vm we have
T7:Vu= 2,01/51‘]‘ [%(Ui,j + Uj,i) - %%V . u] == 2pVS. (8)
=S;
'Note that %(u” —uj;) = 7%57‘,]‘]‘3&)](5, where w = V X w is the vorticity.



(b) Insert 7 = 2pr'S and use the product rule, so
(V- 1)i = (2p0545),5 = 2V;(pv)Sij + 2pvSij ;- )

Note that

Sijg = 3 (uijj +ujij) — 305(V - u),. (10)
In Cartesian coordinates, u;;; = ujj;, which is the same as V'V - u. Furthermore,
26,(V-u) ;= 3(V-u); = 2(VV-u);, so, together with the factor 2, we have 1 —2/3 = 1/3
times V'V - u. Also, u; j; = (V?u);, so we have

(V . T)Z' = ,OU(V2U)Z‘ + pu%(VV . u)l + ZVj(pI/)Sij. (11)
Finally, writing V (pr) = prV In prv, we have
V.1 =p(Vu+3iVV-u+25Vinpv), (12)

where one may think of SV Inpr as a multiplication of a matrix with a vector, which is
normally written without a dot. However, this operation does involve a contraction over j, so
one could also write this as S - V In pv.

¢) Insert DS =¢,DIn P — ¢,D1np, so
(c) P p
pTDS = pT'eyDIn P — pT'c,DInp = pTeyDIn P — pTep, (DIn P —DInT), (13)
and combine, so that

pT

pTDS = pcp,DT — (¢p — ¢y)pTDIn P = pep, DT — (cp — ¢v) iz

DP = pc,DT —DP,  (14)

where we have made use of the ideal gas equation, i.e., P = (¢, — ¢y)pT. Thus, we have

DS DT DP

T =D ~ i (15)
(d) The isentropic instability criterion
(gé)s < 0 (for instability) (16)
implies
oL oL oL dp ‘ N
(8T>S = <8T)p + (W)T (8T>S < 0 (for instability). (17)

We now write the density in the form p = p(T, S) and use dS = ¢,dIn P — ¢,dIn p, and use
dlnP=dlnp+dInT, so

dS =cydlnp+cydInT — cpdInp = ¢pdInT — (¢ — ¢v)d1np. (18)

To compute (0p/IT)s we set dS = 0 and find

(8,0) _p(@lnp) _p o 1 p (19)
or)s T\0WmT)g Tcp—c, ~—1T'

and therefore

OLY _(0L\ , 1 p (0L R
(8T)S = (6T>p + ﬁ T (&))T < 0 (for instability). (20)



Using now £ = pA(T) — T' with A(T) = AT and I' = const, we have (9£/9T), = BpA/T
and (9L/9p)r = A, so

ocy p B 1 P L
((9T>S = BpA/T + TA <0= ([3 + -1 1) TA <0 (for instability). (21)

v—1

For v = 5/3, we have § < —3/2 for instability, which is less stringent than both the isochoric
and isobaric instability!

2. Momentum and energy equations in conservative forms. Consider the continuity,
momentum, and energy equations in the form

dp
et . = 22
LV (pu) =0, (22)
and 9
p%%—pu-Vu—i—VP:O, (23)
(gi+u-Ve+];V-u:O, (24)

where e is the internal energy per unit mass.

(a) Derive the evolution equation for the momentum density

0 0
5 (Pui) = —%(Puwj + 655 P) (25)
Note that summation over double indices is assumed!

(b) Explain why this equation is in conservative form. Discuss how the volume-integrated
momentum changes for periodic boundary conditions. What other boundary conditions
give the same result?

(c) Derive the so-called total energy equation in the form
9.1 9 _ 9 1,2
a(@ou + pe) = —ﬁj [uj (§pu + pe + P)} , (26)

Again, summation over double indices is assumed.

(d) Explain in words how these equations can be used to say something about hydrodynamic
planar shocks, where density, pressure, and velocity can change discontinuously across a
surface. Consider a one-dimensional frame of reference comowving with the shock. What
happens to the time derivative in that frame? Use the equation of state in the form

P =(y—1)pe

and count how many unknowns do you have?




Likewise

0 0 0
%j[(ﬂua‘)ui] = (Puj)ajjui + uz‘aimj(fouj)- (28)
With this we can write
0 0 Du; ap 0
- i = ;) = == . . ) 9

Inserting pDu;/Dt = —0p/0z;, and noting that we can write Op/0x; = 0(d;;p)/0x;, we can
pull this term underneath the 0/0x; derivative and have

0 0

a(puz) + %j(puju,- + 0i5p) = 0. (30)

(b) It is in conservative form, because the rate of change of the momentum pu is given by
a negative divergence term. Integrating over a certain volume, the rate of change of the
integrated momentum is given by the surface integral of the momentum tensor, i.e.,

d
& /pui dV = — f(pujui + 5ijp) de (31)

In vanishes for periodic boundary conditions, for example, but it also vanishes if p and p
vanish on the boundary of the domain. However, requiring p and p to vanish on the boundary
is unphysical, so in practice it will not be possible to preserve the integrated momentum in
the presence of physically meaningful boundaries.

(c) We use the energy and momentum equations,

Pp; = PV (32)
as well as the momentum equation,
puiDD—? =—u-Vp. (33)
Add the two gives
9 1.2 9 1 2
5 (pe + 5pu”) + aixj(puje + spuu”) = =V - (pu). (34)
Thus, we have
%(ﬂe + 5pu’) + £j(pUje + puju’ + puj) = 0, (35)
or
2 (pe + ou?) + 6‘9 [uj(pe + bou? +p)] = 0. (36)

(d) In a frame moving with the shock, the shock is stationary and therefore all time derivatives
vanish, and therefore the divergences vanish. Since the shock is planar, we can assume it
to move along the z direction, so the divergences are just z derivatives, and thus the terms
underneath these x derivatives must be constant, i.e., equal when evaluated on both sides of
the shock. Thus, we have

pu, = const,



pui + p = const,
uT(%pufc + pe + p) = const.

Together with an equation of state, p = (v — 1)pe, we have 4 equations for 4 unknowns,
Assuming that we know the state of the shock on one side, we can use these 4 equations to
solve for the 4 unknowns u,, p, p, and e on the other side of the shock.

Incidently, the last of the three equations can be rewritten as pu,( %u% + e+ p/p) = const, so
by using the first equation, the last one can be written as

su2 + e+ p/p = const,

which is now a different constant.

3. Sound waves in an isothermally stratified atmosphere. Consider the continuity and
momentum equations for an isothermal atmosphere (constant temperature) and an isothermal
equation of state (special case with v = 1) with constant speed of sound, ¢, and uniform gravity,
g, in one dimension,

Op dp Ou

ou, ou, 20p B
Pgp T AUy e+ pg =0, (38)

where p is density and u, vertical velocity.
(a) Show that these equations obey an equilibrium solution u, = u;0(2), p = po(z), given by

u:0(2) =0, po(2) = pooe /M, (39)
where pgo is a constant and H = c2/g is the vertical scale height.
(b) Write p = pg + p1 and u, = u,; and linearize equations (37) and (38) with respect to p;
and u,q.
(c) Assume that p; and wu,; take the form

o1 (27 t) _ pAleiszio.)tfz/QH7 (40)

uz1(z,t) _ azleisziwt+z/2H? (41)

and show that the linearized equations can be written as

(v amne ) () = (0) 42

(d) Calculate the dispersion relation. Note: it will be convenient to use the abbreviation
wo = ¢s/2H for the acoustic cutoff frequency.

(e) Give a qualitative plot of the dispersion relation.

(f) Calculate the value of the period 27 /wq for the solar atmosphere, assuming ¢ = 6 km/s and
g =270m/s? and the Earth’s atmosphere, assuming ¢s = 300m/s and g = 10m/ s%.



3.0¢ s
(a) In hydrostatic equilibrium we have o5l ]
c§ d1n pg = —g, _ROF 7
dz S ]
3 15F E
so In(po/pon) = —gz/c2 and therefore py = 3 f
00 GXP(—gz/cg), which we write as pg = poo exp(—z/H), 1.0 ]
where H = cg /g is the scale height. |
(b) The linearized equations take the form 0.5¢ *
0.0 7 I I | ! | |
Ip1 dpo Ou
A, — = 0, 43 0.0 05 1.0 1.5 20 25 3.0
ot + Uz dz tro 0z (43) ok oy
— =0 44 igure 1: Dispersion relation.
Po—o T CGg Trg =0 (44)

(c) Inserting Eqgs. (40) and (41), we have

_iwﬁleikz—iwt—z/QH_i_ﬁZleik’z—iwt-‘,—z/?H (_100 e—z/H) +poe—z/H (1]{7 + 1) ﬁzleikz—iwt-l-z/QH =0,
H 2H
(45)

_iwpoefz/Hﬂzleisziwt+2/2H + Cz <1]{7 - 2‘1FI> ﬁleisziwtfz/QH + gﬁleisziwtfz/2H = 0. (46)

Note that in both equations the exponential factors cancel, which requires in some expressions

the presence of the e=#/ factors from the background density. Thus, we have
1
“iwpr + fia1 (—?) + po (ik + 2H> iy = 0, (47)
—iwpolizg + €2 ik—L p1+gp1 =0 (48)
oUz1 + Cy of ) P 1 )
using g = ¢2/H, and combining terms, we have
o . 1 .
—iwpy + (1k — 2H) potiz1 = 0, (49)
—iwpolizg + ¢2 ilc%—L p1=0 (50)
Tl s 2H ‘

In matrix form, this can be written as

([ik+ (;E)‘l]ci . _(?f)l]> <p£ﬂ> N (8> ’ (51

(d) The determinant of the matrix vanishes when

1
2 2 2 _
—Ww — (—k — 2) Cy = 0, (52)

or

w? =2k + Wi (53)
(e) Fig. 1 shows two graphic representations of the dispersion relation.
(f) Inserting the numerical values, we have wy = ¢s/2H = g/2cs = 270/12,0005~! = 0.02255,

so the period is ~ 280s = 4.7min. For the Earth’s atmosphere, we have wy = ¢/2¢s =
10/600s~% = 0.017s7 1, so the period is ~ 380s = 6 min.



